We propose two new compact difference schemes for numerical approximation of the Riemann-Liouville and Riesz derivatives, respectively. It is shown that these formulas have fourth-order convergence order by means of the Fourier transform method. Finally, some numerical examples are implemented to testify the efficiency of the numerical schemes and confirm the convergence orders.
Introduction
Nowadays, fractional derivatives are used to model various different phenomena in science and engineering, such as physics, materials, control theory, biology, and finance [1] [2] [3] . Therefore, to obtain highly accurate numerical methods for the fractional derivatives is of great importance, but, due to the nonlocal property of the fractional derivatives, a lot of improvements remain in the present numerical approaches.
As we all know, there are several different ways to define the fractional derivatives, and the most commonly used fractional derivatives are Grünwald-Letnikov derivative, Riemann-Liouville derivative, Riesz derivative, and Caputo derivative. Accordingly, there are a lot of different numerical methods for the above fractional derivatives [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In this paper, we propose two high-order numerical formulas for the Riemann-Liouville and Riesz derivatives.
The plan of the remainder of this paper is as follows. In Section 2, we introduce the preliminary knowledge for the rest of the paper. Two novel numerical schemes for the Riemann-Liouville and Riesz derivatives are proposed in Section 3. In Section 4, some numerical experiments are carried out to support the theoretical analysis. Finally, the paper concludes with a summary drawn in Section 5.
The Preliminary Knowledge
In this section, we will introduce the definitions of the Riemann-Liouville and Riesz derivatives and a lemma used throughout the remaining sections of the paper.
Definition 1 (see [15] ). The order left and right RiemannLiouville derivatives of the function ( ) are defined as
Definition 2 (see [15] ). The order Riesz derivative of the function ( ) is defined as
2 Abstract and Applied Analysis Lemma 3 (see [16] 
wherê( ) denotes the Fourier transform of ( ); that is,
New Numerical Formulas for the RiemannLiouville and Riesz Derivatives
Firstly, we divide the given interval [ , ] into
and = + ℎ, in which ℎ = ( − )/ , = 0, 1, . . . , .
In [17] , Tuan and Gorenflo introduced the following fractional center difference operator:
It is proved that it has second-order accuracy for the Riemann-Liouville derivative. Inspired by above fractional center difference operator, now, we give a fourth-order approximation formula for the Riemann-Liouville derivative by the following theorem. 
uniformly for ∈ R, where 2 is the second-order central difference operator and defied as
Proof. Taking the Fourier transform to fractional center difference operator Δ ℎ and getting
similarly, we also have
If we denotê
then, from the above equation and Lemma 3, we havê
Note that the condition F( RL +4 −∞, ( ), ) ∈ 1 (R); then we obtain
where = 1 2 /2 . This finishes the proof.
Remark 5.
(1) When = 1, (7) becomes the following average-central difference scheme for the first-order derivative:
(2) When = 2, (7) becomes the following averagecentral difference scheme for the second-order derivative:
Abstract and Applied Analysis 3 For the right Riemann-Liouville derivative, we can also obtain the following fourth-order difference scheme by using the same method:
Combing (7) and (15), one can easily get a fourth-order compact difference scheme for Riesz derivative as follows: 
Numerical Examples
In order to verify the proposed numerical schemes for the Riemann-Liouville and Riesz derivatives, we give the following two numerical examples. And the numerical results show that the numerical schemes are efficient. 
4 Abstract and Applied Analysis
The absolute error and convergence order by the numerical scheme (7) are shown in Table 1 . 
The absolute error and convergence order by the numerical scheme (17) are shown in Table 2 .
Conclusion
In this paper, we build two new finite difference schemes for the Riemann-Liouville and Riesz derivatives, respectively. The convergence orders of the difference schemes are proved by Fourier transform method. Finally, numerical experiments have been carried out to support the theoretical claims.
